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Abstract 

In this paper we study the holomorphic bundles over a noncommu- 
tative complex torus. We define a noncommutative abelian variety 
as a kind of deformation of abelian variety and we show that for a 
restricted deformation parameter, one can define a noncommutative 
abelian variety. Also, along the cohomological deformation, we discuss 
the noncommutative analogue of usual Riemann conditions. This will 
be done by using the real cohomologies instead of the rational ones. 
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1 Introduction 



The noncommutative tori is known to be the most accessible examples of noncom- 
mutative geometry developed by A. Connes [Tj. It also provides the best example in 
applications of noncommutative geometry to string/M-theory which was initiated in 
j2]. Analogously the geometry and gauge theory of noncommutative torus has been 
explicitly studied in many papers, such as 0, [H], |3] 0- Rather recently, complex 
geometry of noncommutative torus was developed by A. Schwarz jH] and some detailed 
analysis were made in [7] for the two-dimensional case (see also jHj for four- dimensional 
ones). It provided a basic result for subsequent papers 0, [TUj and [TT] which study 
the Kontevisch's homological mirror symmetry conjecture ^2] on the two-dimensional 
noncommutative tori. One of our main underlying motivations is to study the mirror 
symmetry on the higher dimensional cases and the goal of this paper is to set up a very 
first step for that study. 

Our main interest in this paper is to compare complex geometries of both non- 
commutative and ordinary complex torus, focused on the four-dimensional case. As 
discussed in |13j . the ordinary Riemann conditions are to determine whether a com- 
plex torus is an abelian variety or not. We show that the definition of holomorphic 
structures given in jE] is a noncommutative analogue of Riemann conditions, which 
determines the existence of theta vectors. Since noncommutative torus is defined as 
a deformation quantization of an ordinary torus 14J, we may regard a holomorphic 
bundle over a noncommutative complex torus as a deformation of a bundle over a 
commutative complex torus. Compared with other examples of noncommutative ge- 
ometry, the Chern character of noncommutative torus is easily understood because it 
takes the values in the real cohomological group of the commutative torus jlj. The 
Chern character can be obtained from the ordinary Chern character via deformation 
parameter. Our deformed bundle will be given in terms of constant curvature connec- 
tions such that the curvature matrix reflects the Chern character deformation. Such a 
bundle equipped with a constant curvature connection is easily seen as a deformation 
of a projectively flat bundle over a complex torus. From this point of view, we will 
define a noncommutative abelian variety as a deformation of abelian variety and we 
find that such a noncommutative abelian variety can be defined for a restricted defor- 
mation parameter. We will also study noncommutative analogue of ordinary Riemann 
conditions given in ■ This will be done by using the real cohomologies instead of the 
rational ones, considering the usual Riemann conditions are obtained by compairing 
the rational structure and the complex structure of the cohomology of a torus. 

This paper is organized as follows. In Section 2, we review a general concepts on 
noncommutative complex tori defined in 6J and we define a deformed bundle using the 
Chern character deformation. By regarding an abelian variety as a pair of complex 
torus and a line bundle on it, we define a noncommutative abelian variety, which is a 
deformation of abelian variety. In Section 3, we first find an explicit solutions for the 
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theta vectors on a four- dimensional noncommutative complex torus. We also discuss 
the analogue the definition of holomorphic bundles in two different ways depending on 
the complex structures to define a noncommutative complex torus. We conclude in 
Section 4. 



2 Preliminaries 

Let Tf, d = 2g, be a d- dimensional noncommutative torus. It is generated by <i-unitaries 
Ui, • ■ • ,Ud such that 

UiUj = exp(27ri%)C/ i C/ i , (I) 

where 9 = is a real d x d skew-symmetric matrix. The relation (0) defines the 
presentation of the involutive algebra 

Aq = ( y a ni> ... ^nj^i 1 ■ ■ ■ Ud d I a m,- ,n d £ 




where the coefficient function (m, • • • , n<j) i— > a nii ... ind rapidly decays at infinity. By 
definition, the algebra is the algebra of smooth functions on Tg and the bundles 
over Tg correspond to finitely generated projective (left) Ag-modules. 

The ordinary torus T d acts on the algebra Ag (c/. jlj) and the infinitesimal form of 
the action of T d on A d e defines a Lie algebra homomorphism 

5 : L — ► Der(^), 

where L = IR d is the Lie algebra of T d and Der(Ag) denotes the Lie algebra of deriva- 
tions of Ag. Thus for x G L, 

5 x (uv) = 5 x (u)v + ud x (v), u, v G Ag. 

For a basis {\i}i=i t ... t 2g f° r A se t ^ : = ^. Then 

SjiUA = 2mU j} SiiUj) = for i ^ j, 

or 

6j I £ on^ • 2vrm,a n f/ 1 - • • • Cft*. 

\n=(n 1 ,n 2 , ■■■ ,n d )£Z d J neZ d 

Note that the Lie algebra Der(v4g) plays the role of tangent bundle to T^. 

Since T d is commutative, the cohomology group H*(T d ,W) can be identified with 
the exterior algebra A*L*, where L* is the dual vector space of L. Let (xi, ■ ■ ■ ,X2 9 ) 
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be the dual real coordinates on L and dxi, • ■ • , dx^ g the corresponding 1-forms on T d . 
Then 



H*(T d , E) = iJ*(T d , Z) = Z{rfx/}/. (2) 

A complex structure on L can be given in the form 

L®iL = L 1 ' ©L ' 1 = V®V, 1/ = C S . 

L = R d = R 2g = C 9 := V. 

Thus we may consider T d as a complex torus T d = V/A, where A is a lattice of maximal 
rank 2g which is defined by the kernel of the exponential map exp : V — > T d . Let 
■ • • , ^2 g be an integral basis for A, which will also be a basis for the real vector 
space L and let ej, • • • , e g be a complex basis for V. We take the period matrix of 
AcV to be agxd complex matrix U = (I3 a i) such that 

a 

Let 2; = (z±, • • • , z g ) be Euclidean coordinates on V and let {dz\, • • , dz g } and 
{d^i, • • • , ciz ff } be corresponding 1-forms on T d . Then 

dZo^ — ^^^^^ \^ Qfydoc <i 

i 

— ^^^^^ ^3^idxi 

i 

so that the matrix 1^1 gives the change of basis from {dx^ to {dz a ,dz a }. We can 
also identify 

H*(T d , C) == A'V* <g> A'V* = C{d Zl A ^j} 7> j. 

In the case of complex tori, the Kodaira's embedding theorem is that the complex 
torus T d = V/A is an abelian variety if and only if there is a closed, positive (1, l)-form 
uj whose cohomology class [u>] is rational, so that [u] G H ^(T ) D H 2 (T d ,Z). We will 
understand an abelian variety as a pair (T d , L), where T d is a complex torus and L 
is a line bundle whose first Chern class is in [uj] G H 1,1 (T d ) R H 2 (T d ,7j). In terms 
of the period matrix 15, the Riemann condition II in J3| is stated as follows: The 
complex torus T d = V/A is an abelian variety if and only if there exists an integral, 
skew-symmetric matrix q such that 

Vq-W = 0, -iUq'W > 0. 
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For any integral 2- form on T d , we can find an integral basis Ai, • • • , \2 g for A such 



that 



rriidxi A dx g+i , rrii G Z. 



i=i 



By taking a basis for V the vectors 



m Q 1 A a , 



a 



the period matrix O will be of the form 
13= (M Z) 



(mi 

ni2 



2ii 




m g Z gX 



Zi 9 \ 



The Riemann condition II implies the Riemann condition III in jTS|: the complex torus 
T d is an abelian variety if and only if the g x g complex matrix Z is symmetric and 
Im Z is positive definite. 

The period matrix 13 = (13 ai) of A in V gives the change of basis {dxi} to {dz a }. 
On the other hand the Lie algebra of derivations of A d e is spanned by the derivations 
5\ 1 , ■ ■ ■ , 5\ d and since the derivations 8\ t correspond to vector fields we will have 

/q\ (15\ 

to use dual-change-of-basis matrix 1^1 of I — I which gives the change of basis from 
to { J!-, Tp-}. Those two matrices are related by 



Id, 



so that we can identify the matrix y^J with the matrix which changes the basis from 

{dz a ,dz a } to {dxi}. Now the Riemann condition I in ^2] is given in terms of dual 
period matrix Q: The complex torus T d = V/A is an abelian variety if and only if 
there exists an integral, skew-symmetric matrix q such that 

QqQ* = 0, -iQqW > 0. 

We now define a noncommutative complex torus using the matrix Q = (u a i). Let 



Ma 



a 



fj- 
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Then 

VneZ d / i \neZ d / 

= J2 2™&u°in i )a nu ..., nd U?>U?--- ,U^. 

neZ d i 

The noncommutative torus equipped with a complex structure Q is called a non- 
commutative complex torus and is denoted by n and the algebra of smooth functions 
on Tg Q is denoted by Af, n . 

Let £ be a finitely generated projective left A^-module. A connection V on £ is a 
linear map 

V : £ — > £ <g> L* 

such that, for x E L, 

V x (u • e) — u ■ V x e + <5 x (-u) • e, e £ £, u E A d e . 

For the integral basis {A;} for L, we set Va^ = Vj. The curvature of the connection V 
is constant if 

[V h Vj] = 2niF i j • 1, Fij E R. 

A complex (holomorphic) structure on a right A^-module £ (compatible with the com- 
plex structure on A^ q) is a collection of C-linear operators Vi, • • • , V s on £ satisfying 

1. V a (u ■ e) = u ■ V a e + S n , a (u) ■ e. 

2. [V a: V p ] = 0. 

A projective left A^-module £ equipped with holomorphic structure is called a holo- 
morphic bundle. A vector <fi E £ is called a holomorphic vector if V0 = 0. We will 
see in the next section that the condition 2 above assures the existence of holomorphic 
vectors in £ . 

Since is a deformation quantization of the commutative torus T d , a bundle 
over Tf may be understood as a deformation of a bundle over T d . In fact, the vector 
bundles over T d are classified by the i^-theory of T d and there is a natural isomorphism 
ch : K*(Y d ) — > H*(T d ,Z) <g> Q. Similarly, finitely generated projective Ag-modules 
are classified by K (Af) and the Chern character takes values in H*(T d , R). The targets 
of the both Chern characters are related by the deformation parameter 9 E A 2 L*. The 
relation is summarized by the following diagram: 

K 0(jd^ H cven (T d ,Z) <g> Q 



i(9) 



K {A d ) -^U # even (T<V 
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where i{9) denotes the contraction with 2- vector 9. Thus, for a given vector bundle E 
over T d , one can construct an A^-module £ such that 

Ch(£) = e^ch(£) 

and such a module £ will be called a deformation of E when the zeroth component 
of Ch(£) is strictly positive. We note that such a deformation of a bundle may not 
be unique. Now, in terms of cohomology, the deformation of T d to Tg is related with 
the deformation of H*(T d ,Z) to H*(T d ,R) and the condition [V a ,V^] = can be 
understood as the existence of a cohomology class in i7 1 ' 1 (T d ) DH 2 (T d , R). Finally, for 
an abelian variety (T d , L), we can construct a pair (T$ n , C), where £ is a deformation 
of the line bundle L. Such a pair (T$ q, £) will be referred as a noncommutative abelian 
variety. 

3 Holomorphic structures on 

In this section, we apply the general discussion, given in Section 2, to the four dimen- 
sional case. We will construct a bundle over which is a deformation of a projectively 
flat bundle over T 4 and we will find an explicit formula of holomorphic vectors in the 
deformed bundle. Finally, we discuss how Riemann conditions correspond to the exis- 
tence of holomorphic vectors. 

Let E be a projectively flat U(n) bundle on the complex torus T 4 = V/A, here we 
follow the same notations as in Section 2 adapted to the four dimensional case. The 
bundle E carries a Hermitian connection V E whose curvature form is given by 

R^e = A • Ids 

where A is a complex 2-form on T 4 and Idg denotes the identity endomorphism of E. 
The first and the second Chern classes are given as follows: 

cAE) = — Tr R v e = —A • rank E = —An 
v 1 2tt v 2tt 2tt 

c 2 (E) = --^(Tr {R v e A R^e) - Tr R v e A Tr R v e = --L 71 ^ ~ ^ A 2 

-c\(E) - c 2 (E) = l -n\ 2 . 

2 iv ) 21 ) 8j[2 

Note that the Chern character of E is given by 

ch(E) = rank(E) + Cl (E) + (^cj(E) - c 2 (E)) e H CVC «(T 4 , Q). 

The first Chern class C\{E) is an integral, invariant 2-form on T 4 and we can find an 
integral basis Ai, A 2 , A 3 , A 4 for A such that 

Ci(E) = ^-{midxxz + m 2 dx 2 A), 
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where dx^ v = dx^ A dx u . Then we have 

ch(£/) = n + -(mic(x 1 3 + m 2 dx 2 i) H "^1234- 

2 n 

We take a basis for the complex vector space V the vectors 

e a = m~ 1 X a , a = 1,2. 
Then the period matrix O for A in V will be of the form 



»= nr 1 £ £ ha- *) 



mi Zn Z12 
m 2 Z 2 i Z 22 

and by a suitable basis change, we can take the dual period matrix Q as in the following 
form 

where Z = —2 (c/. PBJ)- Let us denote the corresponding integral, skew-symmetric 
4x4 matrix q by 

A rr 
-A m 



(J 



On the other hand, the bundle E can be deformed to a projective module £ over 
the noncommutative torus whose Chern character is given in the following form 



Ch(£) = e m ch{E) e # even (T 4 



where i{6) denotes the contraction with 6 e A L*. More explicitly, we have 

Ch(S) =(n + jjT%0) + ^Pf(*)) + i(g + + ^d* 1234 , 

2 n 2 n n 

where Pf(#)) = 0i3#24 — ^12^34 — 0i4#23 is the Paffian of 0. If there is a constant curvature 
connection in £ , then the corresponding curvature up to a factor 2ni can be identified 
with matrix 

F = 2-Kl - - = 27TZ- - 

n + §Tr(g0) + 2ip&Pf(0) dim £ 

Let 7 = (7y) = ■?/> — 0, where 



/ 








n 

mi 




















_ n 

mi 










\ 


n 

m,2 





0/ 



-n? _1 . (3) 
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Then 



Pf(7) = Pf(> 



( #13) ( #24) 

rrii m 2 

(n + ]-Tr(qe) 

171x1712 V 2 



#12#34 — $14023 
Pf(0) 



n 



and since 7^ = — (9^-, we have 
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734 


-724 


723 \ 


1 




-734 





714 


-713 


Pf( 7 ) 




724 


-714 





712 




V 


-723 


713 


-712 
























F = 


—7 



q + *e 



n + \Tt{q6) + ^Pf(fl) ' 



Thus 



Note that if, for 9 not rational, the zeroth component of the Chern character is 
strictly positive, then the gauge bundle £ belongs to the positive cone of K (Ag) and it 
can be written as a direct sum of the form S(M. 2 x F) ([4 ), where F is a finite abelian 
group. Thus by assuming dim £ > 0, let £ = S(R 2 x F). The projective flat bundle 
E over T 4 can be specified by operators Wi,W 2 ,W 3 ,W4 acting on C(Z mi x Z m2 ) = 

(T m i « (T m 2- 



W 1 f(k 1 ,k 2 ) = f(k 1 -n, k 2 



W 2 f(k l ,k 2 )=f(k 1 ,k 2 -n) 



W 3 f(h, k 2 ) = exp(-27rz^)/(A; 1 , fc 2 ) W 4 /(A:i, fc 2 ) = exp(-27ri— fc 2 ). 

m! m 2 

The operators obey the commutation relation 

WiWj = exp(2milj ij )W j W i . 

Let us consider an embedding of A into M 2 x (IR 2 )* in the sense of [4J. Such an embedding 
map can be represented by a non-singular matrix T = (Ty) such that 

(A 2 T*)(e 3 A e 2 + e 4 A d) = -76 A 2 1R 2 . 

Associated to the embedding T, the left module action on iS(IR 2 ) is defined by the 
Heisenberg representation of A in iS(IR 2 ): 

(y,/)(r, s) := (V e J)(r, s) = ex P [2m(rT 3l + sT 4l )}f(r + T u , s + T 2i ), 

which obeys the commutation relations: 

ViVj = exp(-27Ti'y ij )V j V i , 
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and 



+ 



T21 T 2 j 



Let us consider the operator Ui = Vi <8> W{ acting on £ — S{R 2 x Z mi x Z m2 ). The 
operators C/j's hold the commutation relation 

C/jC/j = exp(2iri9ij)UjUi 

and hence it defines a left A^-module action on £. Analogously, we may define a 
constant curvature connection on £ as follows: for (r, s) G M 2 , 



df df 

(Vi/)(r, s) = 27rir^i/(r, s) + 2vrisA i2 /(r, s) - As^r, s) - Aa-±{r, s) 
It is easy to compute the curvature of V and it takes of the form 



(4) 



1.1 



2m 



An A i3 
Aji A j3 



+ 



Ai2 Ai4 

Aj2 A j4 



Thus if A = (Aij) = (T- 1 )*, then we get 



2m 



Pf( 7 ) 



lij 



and hence the curvature matrix of V is identified with —2m^ 1 . 

Let us consider the noncommutative complex torus T^, where the complex struc- 
ture on Tq is specified by the dual period matrix Q = (A™ 1 Z) of A in V. The 
compatible holomorphic structure on the deformed bundle or the finitely generated 
projective left Ag-module £ is determined by the following defining equation 



[V a ,V^] = 0, a,(1 = 1,2 



(5) 



where V = f2V, and hence 



V 2 



1 

mi 





z 



11 



'12 



J 21 ^22 



/Vi\ 

v 2 
v 3 

\v 4 / 



^Vx + Z U V 3 + Z 12 V 4 

I«2 



■^21 V 3 + -^22 V4 



Since the curvature matrix F of V is —2m^ l , the defining equation (jSJ) is equivalent 
to the equation 

n 7 - 1 n* = 0. 
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Also we have a useful defining equation 

(V Q , V,j] = [— Vi + Z X1 V 3 + Z-n V 4 , — V 2 + Z 21 V 3 + Z 22 V 4 ] 
mi m 2 

= 734 + det Z^ 12 ^n7i4 H Z12713 ^ 2 i724 ^22723 

171x1712 ITI2 ITI2 1TL\ VTl\ 

(6) 

= 

We now find a holomorphic vector in £ , which is a solution for the equation 

V0(r,s) = O, (7) 
By the definition of V and (j3J), we have 

Vo/(r, s) = 27rzrft Q -A 1 /(r, S )+2™ S ft Q -A 2 /(r, S )-Q a -A 3 ?f(r, s )-Q a -AM(r, s) (8) 

or os 

where ft a denotes the a-th row of ft and Ai is the i-th column of the matrix A. 
The solution of the equation Q should be of the form 



s) = exp[7rz (r s) if 



where H = \ I is a complex 2x2 matrix. If H is not symmetric, then the 



H21 H22 / 

equation (JJJ) does not have a solution, and G iS(IR 2 ) only when Im H > 0. Thus we 
assume that H is symmetric and Im H > 0. Then 

4>(r,s) = exp[7rz(r 2 H U + s 2 H 22 + 2rsH 12 )} 

and hence 

dcf) 

— (r, s) = 2%i(rH u + sH 12 )(f>(r, s) 
or 

d(J) 

— (r, s) = 2m(rH 12 + sH 22 )(p(r, s) 
os 

Applying (jSJ) to the equation (JJJ), we have four equations with three unknowns H u , 
H 12 , and H 22 : 

(ft 1 ■ A 3 )H U + (ft 1 ■ A A )H 12 = Q 1 ■ A 1 
(ft 1 ■ A 3 )H 12 + (ft 1 • A 4 )H 22 = ft 1 • A 2 
(ft 2 ■ A 3 )H U + (ft 2 ■ A 4 )H 12 = Q 2 -A 1 
(ft 2 • A 3 )H 12 + (ft 2 • A 4 )H 22 = n 2 -A 2 
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Such a linear system of equations will have a solution if 



ft 1 ■ a 3 o ft 1 ■ a a ft 1 ■ a x 

o ft 1 ■ a 4 ft 1 ■ a 3 ft 1 ■ a 2 

n 2 -A 3 o n 2 -A 4 n 2 -A l 

o n 2 -A 4 n 2 -A 3 n 2 -A 2 



o. 



In the above, the determinant is computed to 

{(ft 1 ■ A x )(n 2 ■ a 3 ) - (ft 2 ■ A 1 )(n 1 ■ a 3 ) + (ft 1 ■ A 2 )(n 2 ■ a 4 ) - (ft 2 • a 2 )(o x • a 4 )} 

x {(ft 1 ■ A 3 )(Q 2 ■ a 4 ) - (ft 2 ■ A^iQ 1 -A 4 )}. 



We first compute the following: 

(ft 1 ■ A) (ft 2 ■ Aj) - (ft 2 ■ A;) (ft 1 ■ Aj) 



(9) 



m 1 m 2 



A u A 
A 2l A 2j 



Z n 

m 2 



+ —z 21 

mi 



A u A Xj 
A 3l A 3j 



H Z 22 

Till 



A 2i A 2j 

3i A 3 j 

A u A l3 



A 4 i A 4 j 



Z\ 2 

m 2 

+ detZ 



A 2i A 2j 
A 4 i A 4 j 



A 3l A 
A 4 i A 4 j 



3.7 



-Z n 


—Z\ 2 


A u A Xj 


—Z 2 \ 


—Z 22 


A 2i A 2j 


i 





A 3 i A 3j 





1 

m 2 


A 4 i A 4 j 



In particular, if either m 4 = m 2 or Z is symmetric, we can write © in the following 
form: 



(ft 1 ■ A;) (ft 2 ■ Aj) - (ft 2 ■ A;) (ft 1 ■ Aj 



Using the identity ©, we now have 

{(ft 1 • A x )(n 2 ■ a 3 ) - (ft 2 ■ A 1 )(n 1 ■ a 3 ) + (ft 1 ■ A 2 )(ft 2 ■ a 4 ) - (ft 2 ■ A 2 )(ft x ■ a 4 )} 

= 734 + det Z712 Znju H ^12713 ^21724 -^22723 

m\m 2 m 2 m 2 m\ m\ 

= by©. 

Thus the equation (J2J) has a solution. As a conclusion, the condition [V a ,V/?] = 
implies that holomorphic vectors in £ do exist. By assuming 

(ft 1 ■ A 3 ) (ft 2 • A 4 ) - (ft 2 • A 3 ) (ft 1 ■ A 4 ) ^ 

we have the solution for the equation (JJJ) as follows: 



12 



#11 



H 



12 



H 



21 



H- 



(n 1 


A,)(n 2 


A,) 


- (n 2 


A 1 )(n i 


A A ) 


(fi 1 


A 3 )(Q 2 


A,) 


- (n 2 


A 3 )(W 


A 4 ) 






Ai) 


-(a 2 


Asm 1 


Ai) 


{fi 1 


A 3 )(Q 2 


M) 


- (n 2 


A 3 )(W 


M) 




a 2 )(q 2 


A 3 ) 


- (Q 2 


A 2 )(n 1 


As) 


(Q 1 


A 3 )(Q 2 


A,) 


- {n 2 


A 3 )(W 


A*) 
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We have shown that the defining equation (JHJ) assures the existence of holomor- 
phic vectors in a holomorphic bundle over Tg n . In what follows, we discuss more 
consequences of the equation (JHJ). 

First note that in terms of the rational matrix if) = —nq^ 1 defined in © we can 
state the the ordinary Riemann condition I as follows: The commutative complex torus 
T 4 = V/A is an abelian variety if and only if 



ttip- 1 ^ = 0, iVLip- l d > 
On the other hand, the equation © is equivalent to 

n^n* = n(v> - ey 1 ^ = o 



(10) 



and the equation determines a holomorphic structure on a bundle over Tg n . As dis- 
cussed in Section 2, the deformation of commutative torus T 4 to a noncommutative 
torus Tg corresponds to the cohomological deformation from if *(T 4 , Z) to H*(T A , K) = 
A'L*. Since the construction of the equation (jllj) reflects the cohomological deforma- 
tion, we might call the equation (jllj) as noncommutative Riemann condition under the 
condition that the corresponding solution to the equation V0 = is in iS(R 2 ). 

Topologically, any commutative torus T 4 can be deformed to a noncommutative 
torus T 4 with the deformation parameter 9 G A 2 L*. Along with this, one can ask 
a following question: For any deformation parameter 9, can every abelian variety be 
deformed to a noncommutative abelian variety? More precisely, for an abelian variety 
T 4 = V/A equipped with a line bundle L such that Ci(L) = midxis + m 2 <ix24, the 
question is to construct a holomorphic bundle £ over T 4 which is a deformation of L 
in the sense of the definition given in Section 2. In what follows, we discuss that the 
answer is negative. Let us consider a simple example where the deformation parameter 
is given in the following form: 



/ 








9is 


o\ 













#24 




-#13 











\ 





— 924 





0/ 
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and thus 
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/ 








713 


o\ 













724 




~Tl3 











V 





-724 





0/ 



V 



o 
o 

•— + #13 









-^ + 9 



Till 



_L 

J7J2 



21 



-9 






13 



1 

m 2 



o \ 

— #24 



/ 



In this case, the defining equation or the noncommutative Riemann condition is 

(Vi, V 2 ] = — Z 12ll3 - — Z 2l724 = 0. (12) 



If the complex torus T 4 = V/A is an abelian variety with the integral skew-symmetric 



Z21 



Z\2 
Z22 



is symmetric and the 



0. 



(13) 



matrix q, n = 1, then the complex matrix Z 
equation (|T2*j) becomes 

7 /7l3 724 s 
A\2\ ) 

m 2 mi 

Since Z\i = Z21 is arbitrary, we have 

7l3 _ 724 or #13 _ #24 

rri2 mi m 2 vn\ 

Thus we see that the deformation parameter 9 should be restricted. In other words, 
for an arbitrary 9, one cannot have a noncommutative abelian variety (T 4 n ,£) which 
is a deformation of (T 4 , L) and (T 4 n , C) is defined only when 9 holds the equation JT3J). 

As discussed in Section 2, the deformation of T 4 to T 4 corresponds to the co homo- 
logical deformation if*(T 4 ,Z) to if*(T 4 ,R). On a commutative complex torus T 4 , the 
Riemann conditions are obtained by comparing the rational structure and the complex 
structure on H*(T 4 ). Thus, associated to the noncommutative Riemann conditions, it 
is natural to consider the relation between the real structure and the complex struc- 
ture on if*(T 4 ). Note that the cohomological deformation can be seen in the curvature 
matrices. Let us consider the constant curvature connection V given in (j3J) whose cur- 
vature matrix is r y~ l . If we assume the Euclidean metric for L = M 4 , we can use the 
orthogonal transformation to change matrix 7 into the standard form: 

/ 71 0\ 

72 



0/ 



7 




-7i 
V -72 



7i 








P 7 - 1 P', P e 0(4). 



Note that the connection V is unitary equivalent to the connection V whose curvature 
is 7 -1 . In terms of cohomologies, for any invariant, real 2-form 
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one can find an orthonormal basis £1, ■ • ■ £4 for L such that 



u = -(7f 1 <ia;i3 + ^ l dx 2 ±). 
We take a basis for V the vectors 

C« = 7a 1 £a, a = 1,2. 
Then the corresponding complex structure will be of the form 



7i Zn 
72 Z 



21 



'12 



>22 



We use the complex structure to define noncommutative complex torus and a 



holomorphic structure on a bundle over Tq equipped with the constant curvature con- 
nection V. By the same argument as given above, we have the defining equation (JHJ) 
in the following form 

ttj- 1 ^ = 0. 



Since 



7i 5-1 
72 Z 2 i 



'12 



/ 



71- 1 

V 

hi 









72 



-1 



"7i 








-1 



\ 

-72" 1 


J 



( 7i 


Z n 
\Z 12 



\ 

72 

Z21 
Z22/ 



J 21 



'11 



we see that the matrix Z 



Z\\ Zyi 
Z>2\ Z22 

holomorphic vector in a simple form: 



is symmetric. In this case, we can find a 



(r, s) = exp[7ri (71 r 7 2 s) Z 



llT 
72 s 



This can be obtained from the form of solution obtained above by taking suitable 
entries of the matrix A as given in jS]. Also, we see that the solution is in iS(1R 2 ) 
only when the matrix Im Z is negative definite. In [U], this kind of solution has been 
obtained in case of 71 = 72 = 1 and hence it is easily seen from our solution how 
deformation parameter is involved in holomorphic vectors. 
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4 Conclusion 



In this paper, we found an explicit solution for holomorphic connections on a four 
dimensional noncommutative complex torus. We also related the definition of a holo- 
morphic structure for a bundle over a noncommutative complex torus to the ordinary 
Riemann conditions. In doing so, we defined a deformation of abelian variety along 
the Chern character deformation and we found that deformation parameter should 
be restricted to define a noncommutative abelian variety. Finally, we studied a non- 
commutative variation of Kodaira's embedding theorem. By using the real cohomology 
class instead integral ones, we obtain a noncommutative version of Riemann conditions. 
We expect all these results should be a first step to the study of the mirror symmetry 
for noncommutative complex torus or noncommutative abelian varieties. We will come 
to this in forthcoming paper. 
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